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ABSTRACT 
. We present. models f<;>r ~emper~tu~e and ionization structure of low, uniform-density (n ~ 0.3 em - 3 ) 
~nterstellar gas. m a galactic disk which IS exposed to soft X-rays from supernova outbursts occurring randomly 
m space and time. The structure was calculated by computing the time record of temperature and ionization 
at a given point by Monte Carlo simulation. The calculation yields probability distribution functions for 
ion~zed fraction x, temper~tu~e T! and their various observable moments. These time-dependent models predict 
a bimodal temperature d1stnbutwn of the gas with structure in x, T that agrees with various observations. 
Cold re~ions in the low-density gas may have the a~pearance of clouds in 21-cm absorption. The time-dependent 
model, m contrast to the steady-state model, predicts large fluctuations in ionization rate and the existence of 
cold (T ~ 30° K), ionized (x ~ 0.1) regions. 
Subject headings: atomic processes- interstellar matter- supernovae - X-rays 
I. INTRODUCTION 
The density, temperature, and ionization structure 
of the interstellar medium are studied by comparing 
various observations that measure quantities averaged 
over lines of sight in the galaxy, viz., 21-cm emission 
((nH)), 21-cm absorption ((nH/T)), pulsar dispersion 
measures ( (n.) ), low-frequency absorption and radio 
recombination lines ((n.2T- 312), approximately), and 
diffuse Ha and H,B emission ( <n. 2T- 112), approxi-
mately). The brackets denote averages over paths, 
(A) = J Adl/J dl; it is not generally possible to meas-
ure different quantities over identical paths. Many of 
the relevant observations have been discussed by 
Dalgarno and McCray (1972), Silk (1973a), and 
Falgarone and Lequeux (1973); to summarize briefly, 
observations indicate <n.) ~ 0.025 em - 3 , a mean 
temperature of the cold gas of "'70° K, and 10- 8 ~ 
n.2T- 312 ~ 10- 5 cm- 6 (deg. K)- 312 , with the greater 
values occurring toward the galactic center. These 
observations indicate a high average (over space and 
time) hydrogen ionization rate, lQ- 15 ~ ~H ~ lQ- 1 3 
s - 1, and the source of this ionization has not been 
positively identified. 
Many observers have found it instructive to interpret 
their results in terms of a simple and elegant model 
due to Field, Goldsmith, and Habing (1969; hereafter 
called FGH) in which the interstellar medium is 
heated and ionized by a nonthermal source (low-
energy cosmic rays) which is constant is space and 
time. According to this model, the interstellar medium 
is divided into two distinct phases, "clouds" and 
"intercloud medium," which are in pressure equilib-
rium with each other. The model makes strong pre-
dictions, and therefore it is not surprising that various 
* On leave from Departmento de Fisica, FCEN, Universidad 
de Buenos Aires. 
t Present address: NASA Goddard Space Flight Center, 
Greenbelt, Maryland. 
t Also Department of Physics and Astrophysics, University 
of Colorado. 
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modifications to the original model have been proposed 
to make it agree better with more detailed observations 
as they have become available. Perhaps the most 
significant of these is the indication from radio re-
combination-line and 21-cm absorption observations 
that the ionization rate in clouds is much less than that 
in the intercloud medium (Silk 1973a, b). 
The absence of an identified ionizing source has led 
several authors to suggest that supernovae may 
account for much of the heating and ionization, either 
by cosmic rays (Hayakawa, Nishimura, and Takaya-
nagi 1961; Spitzer and Tomasko 1968; FGH) or by a 
burst of ultraviolet radiation or soft X-rays (Werner, 
Silk, and Rees 1970; Bottcher et a/. 1970; McCray 
and Schwarz 1971). Dalgarno and McCray (1972) 
give arguments that if supernovae make a significant 
contribution, the resulting heating and ionization 
may not be well approximated by a steady source. 
If so, the interstellar medium may not be in pressure 
equilibrium, because the thermal relaxation time may be 
short compared with the dynamical equilibration time. 
The question of whether a time-dependent descrip-
tion of the interstellar medium is required rests 
essentially on the nature and distribution of the 
sources and on the propagation properties of the 
ionizing agents (radiation or particles). We must 
compare the time scales for fluctuations of the ioniza-
tion source with the relaxation time scales of the gas. 
The gas cooling time scale is given by 
T 0 = T/JdT/dt J = fkTfnA(x, T) ~ 2T/n. years 
for 102 o K < T < 104 o K, (1) 
where A(x, T) is the rate coefficient for cooling by 
radiative transitions (Dalgarno and McCray 1972). 
The recombination time scale is given by 
-rR = n. II d;; I = [n.a(T)]- 1 ~ l03T112/n. years, (2) 
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where a.(T) is the rate coefficient for radiative re-
combination of hydrogen to excited states (Spitzer 
1968). 
The fluctuation time scale of the ionization rate is 
estimated as follows. Assume a galactic disk of volume 
V9 , area A9 , and thickness 2H, containing impulsive 
point sources-" supernovae" -which affect the gas 
out to a distance D. The average time Texp between 
exposures of a given point in the gas to the effects of 
an outburst is given approximately by 
Texp ~ TsNV9/(4rrD3/3) 
~ TsNAg/(7TD2) 
(D <H) 
(3) 
(D >H), 
where TsN is the inverse of the mean rate of supernova 
outbursts in the Galaxy. 
If Texp ~ Tc, TR, then the ionization and heating may 
not be well approximated by a time-independent 
description. For example, assume A9 = 7T(10 kpc)2, 
H = 100 pc, n. = 0.03 cm- 3 , T = 104 o K, and TsN = 
100 years. Then we estimate the ratio 
TJ = Tc/Texp ~ 0.4(D/100 pc)3 for D < H, 
(4) 
'YJ ~ 0.6(D/100 pc)2 for D > H, 
and conclude that if such "supernovae" are the heat 
source for the interstellar gas, and if D :$ 150 pc, a 
time-dependent description is required. 
Suppose the ionizing agent is soft X-rays with energy 
€x < 200 eV. Then, the major X-ray absorption is 
due to He, and the stopping length D for the X-rays 
is given by (cf. Brown and Gould 1970) 
(5) 
So, for example, if n = 0.3 em- 3 and €x = 200 e V, 
we find D ~ 200 pc, which is not sufficient for the 
time-independent description to be satisfactory. 
Suppose instead that low-energy cosmic rays are the 
main ionizing source. No satisfactory theory for the 
propagation of cosmic rays from a point source exists. 
The main problem is to understand the effects of 
wave-particle interactions in the presence of a mag-
netic field (Skilling 1971; Kulsrud and Cesarsky 
1971). In view of this uncertainty, we simply charac-
terize the diffusion of cosmic rays by an energy-
independent mean free path S, and estimate the 
influence radius D of a supernova cosmic ray outburst 
by 
D ~ (LS/3)112 , (6) 
where L ~ 300(€cR/l MeV)fn pc is the stopping 
length of the cosmic ray of energy €cR· For example, 
if €cR = 2 MeV and n = 0.3 cm- 3, we have D = 258112 
pc; and unless S ~ 100 pc, a time-dependent de-
scription is required. 
In the steady-state model, the temperature and 
ionization are functions of a single parameter ~/n, 
where ~ is the steady ionization rate per particle 
(Hjellming, Gordon, and Gordon 1969). In the time-
dependent model~ may fluctuate widely, but we may 
estimate, for comparison with the steady-state model, 
an average ionization rate 
(7) 
where EsN is the energy in ionizing radiation or par-
ticles, €;on is the energy per ionization, N9 ~ 1066 is the 
number of atoms in the galactic interstellar gas, and 
fis a factor ~ 1 that accounts for the escape of ionizing 
particles from the Galaxy. The steady-state model 
requires ~ ~ 10-15 s- 1 to account for the observed 
ionization of the gas. If supernovae are the source of 
the ionization, the above equation gives an estimate 
for the ionizing energy per supernova, EsN ~ 1050 
ergs. We anticipate that the time-dependent model will 
require roughly the same EsN if it is to yield an inter-
stellar medium with similar observed properties. 
The time-dependent model is characterized essen-
tially by two parameters. The first, ~fn, is equivalent to 
that of the steady-state model. The second parameter, 
TJ = Tc/Texp oc D3, is a measure of how much the 
conditions at a given point in the Galaxy should 
fluctuate. In the steady-state model, the physics of the 
propagation of ionizing agents from sources is 
suppressed by the implicit assumption TJ --+ oo. 
Several effects complicate the development of a 
correct time-dependent description. Each point in the 
Galaxy is affected not only by nearby supernova events 
but also by more distant ones which have a cumulative 
effect. Also, the effect of each outburst depends on the 
immediate state of the gas. Moreover, the fact that 
the interstellar medium is not in local pressure equilib-
rium implies a need to treat dynamical effects as well 
as thermal effects in a self-consistent way. 
In this paper, we present a particular version of a 
time-dependent model for the interstellar gas in de-
tail, in order to illustrate essential differences between 
steady-state and time-dependent heating that may in 
principle be tested by observations. The main approxi-
mation we have made is to assume a galactic disk of 
constant density n, which is tantamount to neglecting 
dynamical effects. In this disk sudden bursts of mono-
chromatic X-rays from point sources ("supernovae") 
occur with a specified mean rate at randomly chosen 
locations in the disk at random times. 
Observations of the diffuse X-ray background for 
€x > 200 eV put an upper limit on the energy output 
per supernova in such X-rays (Silk 1973a, b). This 
limit is far below that required for supernova X-ray 
bursts to account for the heating and ionization of the 
interstellar medium. However, if €x < 200 eV, absorp-
tion by local gas would make the galactic disk 
opaque to extragalactic X-rays, and there is no longer 
any observational constraint on the soft X-ray output 
of supernovae. 
Detailed calculations (Gerola, Iglesias, and Gamba 
1973; Schwarz 1973) of the effect of an X-ray outburst 
on the interstellar medium already exist. It should 
also be possible to construct a similar time-dependent 
model in which the ionizing source is low-energy 
cosmic-ray outbursts, with similar results. However, 
because of the difficulties concerning the propagation 
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of such cosmic rays, we have chosen to treat only the 
X-ray case in detail. 
Because the sources of ionization and heating are 
presumed to fluctuate in space and time, it is not pos-
sible to predict the temperature T and ionized fraction 
x = n./n of any particular point in the interstellar 
medium. Rather, the model predicts probability 
distributions for T and x. 
Although our constant-density model is drastically 
different from the FGH model or variations thereof, 
the results of our calculations embody many of the 
observed characteristics of the gas. For example, the 
model yields a gas with a bimodal temperature distri-
bution with peaks at T :: 30° K and T :: 8000° K, 
which may appear as a two-component medium 
consisting of cool "clouds" embedded in a hot 
"intercloud medium," as observed. 
II. THE MODEL 
We assume a galactic disk of radius Rg, thickness 
2H, and volume V9 = 1rRg2H, filled with gas of con-
stant density n and cosmic abundances (cf. Dalgarno 
and McCray 1972). We fix our attention on a given 
point P in the galactic plane. We include a small 
amount of steady ionization and heating by the 
observed soft X-ray background. Supernova events 
are assumed to occur randomly in space and time with 
a mean rate per unit volume ( -rsN Vg) - 1 which is 
assumed uniform throughout the disk. (These specific 
assumptions could easily be relaxed, but they seem 
to be a reasonable first approximation for the distri-
bution of Type II supernovae.) For each supernova 
event at distance D from P, we calculate the dis-
continuous changes ofT, x. Between supernova events 
we calculate the time-dependent cooling and re-
combination of the gas. By allowing this process to 
continue long enough, it is possible to construct a 
probability distribution function P(x, D which is pro-
portional to the fraction of the time record that the gas 
spends within a given range of the parameters (x, n. 
Then we invoke a sort of ergodic hypothesis which 
states that the probability distribution of time-
fluctuating variables at one point in space is the same 
as their probability distribution over a large number 
of equivalent points at one instant of time. Spatial 
averages of the various observable quantities are 
constructed by taking the appropriate moments of the 
distribution function. 
For purposes of computation, we consider con-
centric shells each of thickness !:!D surrounding P. 
The volume in a shell is then given by !:! V = 4TT D 2l:!D 
forD < Hand by l:!V ~ 4TTD!:!DH forD» H. In a 
time interval !:it, the probability y of an event in a 
shell at distance D is given by 
(8) 
We choose !:it small enough to ensure that the prob-
ability of having more than one supernova event in 
!:it near enough (D < Dmax) to affect P is negligible. 
In order to construct the time record at P, we make a 
Monte Carlo simulation of the supernova events. 
This is accomplished by using a random number 
generator which selects a value 0 ~ y ~ 1. Given y, 
we calculate from equation (8) the distance D of the 
event. We compute then the discontinuous change 
(!:!x, !:!D of (x, nat P due to the event. 
In general, this change will be a function of D, the 
local conditions (x, D at P, and the condition of the 
intervening matter. In the case of a burst of radiation, 
Gerola et al. (1973) and Schwarz (1973) have calcu-
lated the initial ionization structure of the "fossil 
Stromgren sphere" produced by a radiation burst in 
a homogeneous gas which is initially cold and neutral. 
For simplicity we have considered a burst of mono-
chromatic soft X-rays (energy €x), and we have 
generated solutions for different initial conditions of 
the gas. Figures 1a and 1b show the results of these 
calculations for three different photon energies; the 
effect of different initial conditions for €x = 150 eV 
is also shown. Note that the solutions are character-
ized by a fully ionized core region with T ~ 105 o K, 
surrounded by a thick transition region in which the 
temperature and ionization profiles are well approxi-
mated by !:iT oc exp (- R/ R0) and !:!x oc exp (- R/ R1), 
where R 0 and R1 are scale lengths that depend on €x 
and n. The thickness of the transition region decreases 
rapidly with decreasing €x(R0, R1 oc €x3 , typically). We 
have found that if the X-rays are too soft (€x ~ 70 eV) 
the transition region is small relative to the fully 
ionized core, and it is impossible to construct a model 
that appears like the observed interstellar medium. 
Therefore, we have concentrated our attention on 
models with 70 eV ~ €x ~ 200 eV, the upper limit 
being dictated by the observational constraint of the 
soft X-ray background. 
As a further simplification, we have ignored possible 
variations in the ionized fraction between the source 
at distance D and the point P. This is a reasonable 
approximation because a fully ionized region will 
substantially recombine before another supernova 
event affects P [-rrec(X > 0.1) « -rexiDmax)]. But 
unless the intervening gas is substantially ionized 
(say, x > 0.1), its ionization level does not signif-
icantly alter the effect of an outburst on P. 
Subsequent to the discontinuous changes !:iT, !:!x 
caused by the supernova event, the gas cools and re-
combines. The hydrogen recombination equation is 
given by 
dx 
dt (9) 
where a<2> is the recombination coefficient to the 
excited states and cf>(x) is the number of secondary 
ionizations (Jura 1971). The steady ionization rate ~ 
is uncertain because it depends on the flux of X-rays 
and cosmic rays at low energies (€x < 250 eV and 
€cR < 100 MeV) where observations are most difficult 
and spatial fluctuations are more likely. We have 
estimated ~due to soft X-rays in the range 100 eV < 
€x < 250 eV (Yentis, Novick, and Vanden Bout 
1972a, b; Bunner et al. 1971) to be in the range 
10- 18 s- 1 < ~ < 2 X 10-17 s- 1 • Yentis et al. also 
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106 ,------------------, 
250 
FIG. la Fto. lb 
FIG. Ia.-Variation of temperature tJ.T, produced by a monochromatic burst of soft X-rays of energy •x, as a function of distance 
to the supernova. Curve label means: B: •x = lOOeV, x(initial) = 10-a, T(initial) = 100° K; AI: <x = 150eV, x(initial) = 10-a; 
A2: •x = 150eV, x(initial) = l0- 1 ; C: •x = 200eV, x(initial) =to-a. For all the curves, n = 0.3 em-a, £(total energy emitted 
by the supernova) = 7 x 1050 ergs. 
FIG. lb.-Variation of ionized fraction x. Labels same as fig. la. 
observe a "local" component of soft X-rays of un-
certain (possibly terrestrial) origin, which could 
contribute an ionization rate ~ ~ 10- 16 s - 1 (Silk 
1973b). The observed cosmic rays contribute an 
ionization rate ~ ~ 10- 17 s- 1 • Unless otherwise 
noted ~ was taken to be 10- 17 s- 1 • Note that this 
value of~ is much smaller than that needed to account 
for the observed ionization. The average ionization 
rate ~due to supernova outbursts will be considerably 
greater. 
The energy balance equation is given by 
3 dT -2 k dt = - A(x, T)n + A - B - C + ~E, (10) 
where the terms A, B, C arising from recombinations 
and dxfdt are given by (Kafatos 1973) 
A = fkTcP>nx2 , B = (Eav)nx2 , C = fkT(a 1v)nx2 , 
where the angular brackets denote integrations over 
the Maxwellian distribution, a<1> is the total recombina-
tion coefficient, and a 1 is the cross-section for re-
combinations to the ground state. These terms intro-
duce a net heating effect. The total heat per ionization 
E was taken from Jura (1971). The cooling term A is 
made up of two contributions, A., the cooling arising 
from excitation of atoms and ions by electron impact, 
and AH, the cooling arising from excitation by 
neutral-hydrogen impact. These rates were taken from 
Dalgarno and McCray (1972). Since the cooling due 
to collisional excitation of trace elements is fairly 
insensitive to their ionization stage (Schwarz 1973), 
we have assumed that the trace elements have fixed 
ionization distribution as follows: C + = 1, S + = 1, 
Si+ = 1, Fe+ = 1, N° = 0.55, N+ = 0.45, Ne+ = 
0.22, and the 0°, o+ abundances tied to the H 0, H+ 
abundances by charge exchange (Field and Steigman 
1971). The hydrogen La cooling provides a strong 
barrier against T ~ 20,000° K. 
After each interval M, the program again looks for 
a supernova event inside Dmax then resumes cooling 
and recombination. In order to ensure convergence 
to a smooth probability distribution, the random 
number generator was called by the program a large 
number of times, typically 104 to 105 times in each 
run. Typical segments of the time records T(t), x(t) 
are shown in figures 2a and 2b. Most of the times that 
the random number generator is called, nothing 
occurs because the supernova event is beyond Dmax· 
The distance of each significant event is indicated in 
figure 2a. Notice that nearby events which cause a 
large !1T, !1x are rare, as expected. 
The joint probability distribution P(x, T) is calcu-
lated by dividing the space [10 :::; T :::; 2 x 10\ 
2 x 10- 4 :::; x :::; 1] into equal logarithmic intervals, 
typically 50 x 50. P(x, T)/1 log x !:..log T is then the 
fraction of the time record that the gas spends in the 
range (log T, log x; log T +~log T, log x + !:..log x) 
normalized so that J d log x J d log TP(x, T) = 1. 
Similarly, other distribution functions are calculated 
from the time records. 
In previous discussions of time-dependent models 
(Bottcher et al. 1970; Dalgarno and McCray 1972; 
Gerola eta/. 1973) a simple analytical formula for the 
probability distribution P(T) was given. This formula 
followed from the assumptions that the initial con-
ditions of the gas subsequent to a supernova event are 
independent of the location of the source and of the 
state of the gas before the event, and that the time 
interval between outbursts obeys Poisson statistics. 
The resulting bimodal distribution of P(Iog T) was 
suggestive of the possibilities of the time-dependent 
description of the interstellar medium, but the above 
assumptions precluded any definite comparison with 
observations. 
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TIME ( 106 YEARS) 
FIG. 2a {top).-Time evolution of temperature at a given 
point P in the galactic disk as a function of time. The numbers 
on the curve indicate the distance (in parsecs) from P at 
which each supernova occurs TsN = 30 years; n = 0.3 em- 3 • 
FIG. 2b (bottom).-Time evolution of the ionization fraction 
X. 
The strong dependence of the effect of a supernova 
event on distance from the source, and the fact that 
the random process is non-Markovian in the sense 
that the effect of an event depends on the previous 
history of the gas, could be properly accounted for 
only by a numerical simulation. 
III. RESULTS 
Various models have been calculated with param-
eters as listed in table 1. We present results for a gas 
of uniform density n :$ 0.3 cm- 3 , appropriate to the 
"intercloud" medium in the solar neighborhood 
(Dalgarno and McCray 1972; Mebold 1972; Maccheto 
and Panagia 1973). The supernova rate TsN (30 years, 
100 years) is in the range indicated by optical (Tam-
mann 1970) and radio (Caswell 1970; Ilovaisky and 
Lequeux 1972) observations. The total energy per 
supernova EsN and the energy of the monochromatic 
X-rays Ex were chosen respecting the observational 
constraints mentioned at the end of § I. 
One may imagine the time history of the gas at 
point P, as shown in figures 2a and 2b to be represen-
ted by a point which moves around the (x, T)-plane. 
The probability density P(x, T), which is proportional 
to the fraction of the time that P spends in any part 
of this plane, is shown for model1 of table 1 in figure 3. 
The contour lines are lines of equal probability density 
in the (x, T)-plane. The logarithm of the probability 
density at each contour line is shown on the figure. 
The contour map shows not only the bimodal 
temperature distribution indicated by earlier studies, 
but also the correlation of ionized fraction with tem-
perature. The main features of this diagram-the peak 
centered at x ~ 0.03, T ~ 3000° and the ridge at 
T ~ 30°, 3 x 10- 3 ~ x ~ 0.2---<:an be understood 
qualitatively in terms of the relaxation timescales of 
the gas, given by equations (1) and (2). Suppose, for 
example, that the gas at P has cooled and recombined 
so that its state is represented by point A in figure 3. 
If it is exposed to a (relatively rare) nearby supernova 
event, it will suddenly become highly ionized (x ~ 1) 
and very hot (T ~ 104 o K). As a result of rapid 
cooling by allowed transitions (cf. Kafatos 1973), the 
gas will quickly relax to point B. 
The further relaxation of the gas is represented by 
the dashed curve BCA of figure 3 ( cf. Bottcher et a/. 
1970). Since Tc(104 o K) > Tc(103 o K), the gas lingers 
for a while at 104 o K before it cools to 102 o K. The 
relatively rapid cooling for 102 o K ~ T ~ 103 o K 
explains the low probability density in this range. Since 
Log (X) 
FIG. 3.-Probability density P(x, T) for model 1 of table 1. 
The contour lines are equal probability density lines. Curve 
SS is the steady-state relation, from Dalgarno and McCray 
(1972), CL indicates the clouds, and /C/ the intercloud med-
ium, in the FGH model. The numbers in the light solid 
curves are the logarithm of the probability. Dashed curves 
are the evolutionary tracks referred to in the text. 
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TABLE 1 
Vol. 189 
PARAMETERS OF THE CALCULATED MODELS 
Supernova 
Model 
1. ......... . 
2 .......... . 
3 .......... . 
4 ........... . 
5 .......... . 
6 .......... . 
7 .......... . 
8 .......... . 
9 .......... . 
10 .......... . 
Total Energy 
Emitted 
EsN (ergs) 
7 X 1050 
7 X 1050 
7 X 1050 
7 X 1050 
1050 
7 X 1050 
7 X 1050 
7 X 1050 
7 X 1050 
7 X 1050 
Photon Energy 
<x (eV) 
150 
100 
200 
70 
150 
150 
150 
150 
150 
150 
Density 
n (cm- 3 ) 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.1 
0.3 
0.3 
0.3 
Inverse SN Rate 
TsN (years) 
30 
30 
30 
30 
30 
100 
30 
30 
30 
30 
Observations* 
Depletion = 3 
Depletion = 10 
'= 10 -1a s-1 
*Unless otherwise noted,'= 10- 17 s- 1 and no depletion. 
r 0 < rR for T ~ 102 o K, the gas cools along segment 
BC of curve BCA without significant recombination. 
But when the temperature has dropped below 102 o K, 
r 0 > rR and the gas now recombines along segment 
CA without substantial further cooling. 
The evolutionary time scale along segment CA is 
considerably longer than the time scale along BC, 
so that there is now an appreciable chance of exposure 
to another supernova event during this evolution. A 
relatively distant (say, D ~ 80 pc) supernova event, 
which is more likely than a nearby one, may heat the 
gas T ~ 104 o K without fully ionizing it, according 
to figures 1 and 2, and perhaps discontinuously 
change the state of the gas from some point along CA 
to point D. Then the gas will relax along curve DA. 
Since r 0 oc ne -1, the gas would remain near point D 
longer than it would remain near point B, so that the 
high-temperature peak of P(x, T) is found in the 
vicinity of D. Another reason the peak is found for 
X ~ I0- 2 is that relatively nearby bursts (say 50 :( D 
:( 150 pc) are the most important and for these 
0.001 :( ~x :( 0.1 (cf. figs. 1a, 1b, and 3). 
The effect of the steady ionization rate ~ and the 
heating due to recombinations is noticeable at low 
temperatures. Figure 2 shows that the gas temperature 
sometimes increases with time. This occurs because 
the electron-ion cooling decreases with recombination 
while the heating remains approximately constant. 
The effect can also be seen in figure 3, where the lowest 
temperatures are found with x ~ 0.1. 
In the steady-state theory, where heating balances 
cooling and ionization balances recombination, x and 
T are both single-valued functions of the parameter 
~ln. Therefore, regardless of the values of ~In, the 
theory yields a unique relationship x(T). This relation-
ship is rather insensitive to the nature of the ionizing 
flux (cosmic rays or X-rays), but at low temperatures 
it depends somewhat on the chemical composition 
of the gas. The curve marked SS in figure 3 is taken 
from Dalgarno and McCray (1972) with Ex = 200 eV 
and no depletion of trace elements. 
If there are spatial fluctuations in ~ or n, any given 
point in the gas must still lie on curve SS. For example, 
if ~ is constant and the gas pressure is also assumed 
constant in space, the gas must be in one of two states, 
dense "clouds" or in the lower density "intercloud 
medium," represented by points Cl and IC!, respec-
tively, on curve SS. This is thetwo-phasemodel ofFGH. 
In our time-dependent model we have abandoned 
the assumption of pressure equilibrium, and have 
assumed a constant density gas. As discussed in § I, 
the distribution for P(x, T) should then be charac-
terized by two parameters, ~In and rclrexp· The 
condition of the gas is no longer characterized by a 
unique point on the (x, T)-curve, but by the contour 
map of P(x, T). 
It is evident from figure 3 that the gas divides itself 
into distinct hot and cold components. But in contrast 
to the steady-state theory, our model has cool regions 
with the same density as the hot region. In the time-
dependent model presented here the relative fractions 
of the gas that are expected to be in the hot and cool 
phases are completely determined by the choice of 
~In and rclrexp; but in the steady-state model, addi-
tional considerations are needed to determine the 
fractions in clouds and intercloud medium. 
Notice that (x, T) of most of the gas does not lie on 
the curve SS. Generally, the time-dependent model 
predicts that the high-temperature regions will be less 
ionized (x < 0.1) than the steady-state intercloud 
medium. Further, the time-dependent model predicts 
a significant probability (few percent) for regions of 
cool (T ~ 30 o K), ionized (x ~ 0.05) gas. Such 
regions are forbidden in the steady-state theory and 
modifications thereof (e.g. Meszaros 1973). 
Given the time record of figure 2, we also construct 
probability distributions for various observable param-
eters: P(x), figure 4; P(T), figure 5; P[(l - x)T- 1 ], 
figure 6; P(x2T- 3 ' 2), figure 7; P(x2T- 112), figure 8; 
each normalized such that S P(A)d log A = 1. The 
noise in the probability distributions is a result of the 
finite time record of the Monte Carlo program. (This 
noise was smoothed by hand in fig. 3 for the sake of 
visual clarity.) The arrow in each figure indicates the 
algebraic mean value of the function 
A= J AP(A)dlog A. 
Note that these averages differ from the "eyeball 
average," which would correspond to the geometric 
mean of the function J log AP(A)d log A. 
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FIG. 4.-Probability density for the ionized fraction x for 
model 1 of table 1. The arrow indicates the algebraic mean 
value of the function. 
We are modeling the galactic interstellar medium 
by a superposition of fossil Stromgren spheres (FSS) 
of different ages, each of a certain characteristic radius 
D(lOO ~ D ~ 200 pc), where the state of each point 
within that radius is controlled primarily by the same 
event. The average elapsed time necessary to erase the 
memory of that event at any given point is roughly 
Texp· Therefore, a spatial average over a distance L = 
kD is roughly equivalent to a time average over a 
record T = kTexp· Observations ordinarily measure 
the column density of some parameter over a finite 
path, which yields a spatial average along that path. 
If the parameter has large random spatial fluctuations, 
one would not expect averages over two different finite 
paths of the same length to be equal. The averages 
would converge as the path length increases. Similarly, 
if a parameter has large temporal fluctuations at one 
point, one would not expect averages taken over 
different finite periods of equal duration to be equal. 
The size of the FSS plays the role of a correlation 
length. 
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FIG. 6.-Probability density for (1 - x)/T for model 1 of 
table 1. 
The large fluctuations in x and T inherent in the 
time-dependent model preclude a specific prediction 
about the state of a particular point in the interstellar 
medium. For example, referring to figure 5, one sees 
that there is a substantial chance of finding a point 
whose temperature is less than the average tempera-
ture by a factor "'100. The same is true for the other 
moments. The time-dependent model only has power 
to predict averages taken over a large number of 
different points in the Galaxy. 
If we consider observations of quantities over paths 
"' 100 pc (k "' 1 ), we would expect (x, T) to be in 
any part of figure 3 where P(x, T) is large, and the 
variables represented in figures 4-8 might have values 
anywhere the probabilities are large, subject to the 
correlations of figure 3. Further, quantities observed 
in different directions might differ greatly. This might 
be the case with the ultraviolet observations of nearby 
hot stars taken with the OA0-3 Copernicus satellite, 
Rogerson et a/. (1973). On the other hand, radio 
observations which measure column densities of 
quantities over large distances (e.g., 2 kpc, k "' 20 for 
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FIG. 7.-Probability density for x2 /T312 for model1 of table 1. 
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the Crab nebula; 10 kpc, k "' 100 for the galactic 
center), should yield values that approach the com-
puted averages. Of cours~, structural features .or. the 
Galaxy which we have Ignored, sue~ as vanatto~s 
in gas density and ~upernova rate m th~ galactic 
center and in the spiral arms, may also mtroduce 
large variations in quantities measured in different 
directions. 
Table 2 presents results computed for the models of 
table 1. The column headings are the "observable" 
average quantities <A> = S AP(A)dlog A = S Adl/ Jdl 
over a large path J dl. Note the large difference (factor 
"'40) between the average temperature <T> (col. [2]) 
and the harmonic mean temperature <nH>J<nHT- 1 ) 
(col. [3]). This is a consequence of the bimo~al tem-
perature distribution (fig. 5). The harmomc mean 
temperature favorably weighs the cool regions. This 
effect is also characteristic of the two-phase model of 
FGH, provided that roughly equal column densities of 
hydrogen are assumed to be in the hot and cool phases. 
Column (4) shows that for most of our models •. the 
hot and cool fractions are comparable. If the fractiOns 
differ substantially, as in model 9, the difference 
between <T> and <T- 1)- 1 decreases. The observed 
absorption features are ordinarily interpreted as 
clouds. In our constant density model, we expect the 
21-cm absorption to appear as distinct features 
corresponding to individual cold FSS of dimension 
"' 100-200 pc. The quantity <n. 2T- 112) of column (7) 
is roughly proportional to the recombinatioJ?- ~ate 
and hence gives a measure of Hex. and H,B emission. 
The quantity <n. 2T- 312) of column (8) is roughly that 
measured by low-frequency radio continuum absorp-
tion, and by (low frequency) rad.io r~combination-line 
emission. Almost all of the contnbutwn to S n.2T- 312dl 
comes from the small fraction of cool, highly ionized 
gas with T ::::: 30° K and x ::::: 0.05, as can be seen by 
comparing column (8) with column (9). 
If steady-state ionization prevailed, we should have 
the relation 
where the recombination rate cx.(T) oc r- 112, roughly, 
so that ~ oc n.2/nHT- 112• Hughes, Thompson, and 
Colvin (1971) have suggested that the mean ionization 
rate could be measured by dividing the 21-cm ab-
sorption measure J nHT- 1dl by the low-frequency 
continuum absorption measure J n.2T- 312dl. They 
therefore list an observed quantity which we call 
" ~ ", defined by 
"~" = 1.27 X 10 - 15v2.1T- 0·3 Trr/ s TdV • (11) 
We have calculated the analogous quantity "~" for 
our models in column (10). 
We emphasize that it can be deceptive to asso~iate 
the value of "~" with the mean ionization rate ~. In 
our models the major contribution to <n. 2T- 312) 
comes from the rare cold ionized regions and the 
major contribution to <nHT- 1) comes from the fairly 
common cold neutral regions. Therefore "~" has 
nothing to do with local conditions. Despite this, we 
note that the calculated "~" is close to the average 
ionization rate (eq. [7]), '= 10- 14 s- 1 for model I, 
assuming N = 1066 , E10n = 50 eV, f = 1. We con-
sider this agreement fortuitous. In contrast to the 
time-dependent model, the steady-state model has 
the dominant contribution to both the low-frequency 
continuum absorption and the 21-cm absorption 
coming from the same regions (the clouds). In that 
case "~" should be a good measure of the local 
ionization rate in clouds. 
Table 2 shows the dependence of the time-dependent 
models on the various parameters. Generally, the 
topology of the P(x, T) contour map is. the same for all 
models. The main effect of changmg parameters 
is to shift the relative probability in the low-tempera-
ture ridge and the high-temperature peak but no! t.o 
change much the location of.either. For example, It .Is 
impossible to construct a t.Ime-depe.ndent model m 
which most of the gas has mtermediate temperature 
(102 o K < T < 2 x 103 o K). 
A comparison of models 1--4 shows that the results 
are not very sensitive to the assumed photon energy. 
Column (4) shows that the relative fractions of hot and 
cool gas are insensitive to Ex for Ex > 100 eV; but 
when Ex decreases below 100 eV, the high-temperature 
fraction begins to decrease. The ionization level of the 
gas (cols. [6], [9], and [11]) and hence the low-
frequency absorption (col. [8]) increases with de-
creasing Ex. 
Comparisons of models 1 and 5 show the dependence 
on the assumed supernova energy EsN· As EsN is 
increased, the ionization level increases but the 
temperature is fairly constant. Model 6 shows that a 
change of supernova rate has much t~e ~am.e effect, 
which is expected since the average wmzatton rate 
'oc EsN/TsN· A value EsN/TsN ~ 3 x 1048 ergs per 
year is required if supernovae are to keep ~ good 
fraction of the intercloud medium hot. Companson of 
model 7 with model 1 shows that the ionization and 
temperature are more sensitive to gas density n than to 
EsN or TsN· Although we have not constructed models 
for the gas above the plane, this strong density 
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TABLE 2 
RESULTS FOR THE MODELS OF TABLE 1 
Percent 
Percent Percent for Percent for 
for X> 5 X J0- 2, for X< O.t, 
SN Model <T> (T-1)-1 T< 500 (nHT- 1) <n.> <n."T-1'"> <n."T- 312) T< 100 
"'" 
X> 0.1 T > 500 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (tO) (11) (t2) 
1. ............... 2 X 103 58 60 5 X w-3 1.25 x w-• 2.7 X to- 5 4.3 X J0- 7 2.6 7 X J0-15 7.2 34 
2.,, ............. 2.2 X 103 50 63 5.6 X W- 3 1.6 x w-• 5.5 X W- 5 8.2 x w- 7 4 1.2 X to- 14 8.3 30 
3 .. ,............. 1.6 X t03 58 6t 4.9 X to- 3 1.2 X J0-2 1.8 X to- 5 2.1 x w- 7 1.6 4.4 X lQ- 15 5 35 
4 ................ 1.2 X 103 39 80 7.2 X J0- 3 1.8 x w-• 6.7 X t0- 5 9.8 X t0- 7 4.3 l.t X W- 14 8.6 14 
5................ 1.9 X 103 65 63 4.5 X J0- 3 6.4 X w-3 w-5 1.7 X to- 7 <1 3 X to-15 1.5 36 
6 ................ 103 49 77 6 X to- 3 5 X t0- 3 9.6 X 10-a 1.5 X to- 7 <t 2.1 X W- 15 1.4 22 
7 ................ 4.5 X t03 146 26 6 x w-• 1.3 x to-• J0-5 9.6 x to-a 8 1.3 X to- 14 39 42 
8 ................ 3.4 X 103 178 34 1.5 x to- 3 2.4 x to-• 3.6 X J0- 5 9.4 X w-a 2 4.9 X t0- 15 16 51 
9 ................ 5.4 X 103 2.6 X 103 4 9.8 X W- 5 4.5 x to-• 4.7 X W- 5 8.2 X W- 9 0 6.7 X w-15 52 46 
10 ................ 2 X 103 37 59 7.7 X J0- 3 1.2 x w-• 2.7 X J0- 5 4.8 X J0- 7 2.4 5 X w-15 7.1 35 
Observations ...... >750a 60-80a 50a 8 x w-3b 2.5 X J0-2c 8 X J0-5a 2 x to- 7• 2 X to-15{ 
>6001 62-80' 36-451 3 x w-3b 4 X w-ag w-13h 
751 w-ag 2.5 X w-151 
5 x w-aj I0-14d 
5 X w-ah 
SouRCE.-(a) Radhakrishnan eta/. 1972; (b) Radhakrishnan and Goss 1972; (c) Falgarone and Lequeux 1973; (d) Reynolds eta/. t97t; (e) Bridle 1970; (/)Hughes 
eta/. t971; (g) Ellis and Hamilton 1966; (h) Gordon and Cato 1972; (i) Hjellming eta/. 1969; (j) Dulk and Slee 1972. 
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dependence suggests that the probability of cool 
regions will decrease above the plane. In other words, 
we expect that the scale height of the cool component 
is smaller than that of the hot component, as observed 
.by Radhakrishnan eta/. (1972). Models 8 and 9 show 
that reduced cooling due to depletion of trace elements 
causes a marked reduction in the fraction of cool gas. 
Comparison of model 10 with model 1 shows the 
influence of the steady ionizing background. The 
background is too weak to have a substantial effect 
on the ionization level or on the relative fraction of 
hot and cold gas, but it does noticeably affect the 
temperature of the cool gas, as can be seen from 
column (3). 
IV. DISCUSSION 
The last row of table 2 shows the average values of 
observed quantities. Some of these are found in the 
references listed in the footnotes to table 2, and the 
rest were deduced from them. 
We expect the existence of two temperature phases 
of the neutral gas as observed (Radhakrishnan et a/. 
1972; Hughes et a/. 1971). From figure 3 we see that 
the temperature of the hot component should be in 
the range 103 0 -104 o K. The average temperature <T> 
is not observed, but in some instances a lower limit 
to the temperature of the hot component can be 
found, and this is listed at the bottom of column (2) 
of table 2. The calculated harmonic mean temperature 
(col. [3]) essentially weighs the cold component. 
Radhakrishnan eta/. (1972) and Hughes et al. (1971) 
measure the spin temperature for the cold absorption 
features; this is shown in column (3). The fraction of 
matter in the cold phase is roughly 50 percent, 
although this fraction depends on location in the 
Galaxy; the upper value taken from Hughes et a/. 
(1971) refers to the solar neighborhood, and the authors 
claim this is perhaps representative of the whole 
Galaxy; the second value refers to a line of sight close 
to the galactic plane. The diameter of an individual 
FSS introduces a natural scale length in the time-
dependent model, which may be compared with 
observations. The scale size of our absorption features 
is therefore roughly 100-200 pc. This, taken with the 
fact that typically 60 percent of the matter is in the 
cool state (e.g., models 1, 2, 3), yields an average of 
3-6 features per kpc. Radhakrishnan and Goss 
(1972) give a minimum value of 2.5 features per kpc. 
The value of <nHT- 1) can be deduced from the 
observations if the total path length through the cold 
features is known. We expect this to be 600 pc if one 
looks 1 kpc away. Combining this with the value of 
nHT- 1 = 1.5 x 1019 atoms em- 2 ( deg. K) - 1 kpc - 1 
(low resolution, 10 kHz wide filter) and nHT- 1 = 
6 x 1018 (high resolution, 1 kHz wide filter) given by 
Radhakrishnan and Goss (1972), we obtain the two 
values listed in column (5). Essentially all the absorp-
tion comes from the component with T < 500° K 
according to our model. The maximum value of 
nHT- 1 in our theory is 1.6 x IQ- 2 (model 1). There-
fore, we expect a maximum integrated optical depth 
J r(v)dv of 2.75 km s- 1 for one feature. A number of 
cold features observed have higher values, and this is 
not surprising since higher optical depths would be 
obtained if higher densities were introduced in our 
calculations. 
The value of <n.) is obtained using dispersion 
measures of seven pulsars with known distances. 
Typically 5-8 percent of the matter has n. > 0.03 
em - 3 in our theory (col. [11] of table 2). 
The quantity <n.2T- 112) is deduced from diffuse 
H,B observations in the direction of four pulsars 
(Reynolds et a/. 1971). The upper limit to n82T- 1 ' 2 
(model 1) is 3 x 10- 3 em- 6 (de g. K) -1/2, yielding an 
emission measure E.M. of 30 cm- 6 pc at 104 o K. 
Therefore the Ha observations, which typically yield 
E.M. ,...,300 cm- 6 pc at 104 o K, do not refer in our 
picture to an ~ 0.3 cm- 3 intercloud medium. These 
observations could be selectively picking up low-
intensity H II regions. 
The quantity <n.2T- 312) can be inferred either from 
low-frequency absorption measurements or from 
low-frequency radio recombination lines. This value 
calculated by Bridle (1970) refers to T ~ 100° K; a 
scale height of the absorbing gas of 200 pc was used 
to derive the same quantity from Ellis and Hamilton 
(1966) (the first number refers to observations at 
b ~ - 60°; the second at b ~ -5°). The observations 
of 20 nonthermal sources at 80 MHz carried out by 
Dulk and Slee (1972) yield an average of (E.M.) 
r-1.35 and an average distance. The value quoted is 
obtained if T ~ 100° K. Dickel (1973), though, claims 
that many of the sources observed by Dulk and Slee 
have no noticeable decrease in flux density at 80 MHz. 
The value of <n.2T- 312) from Gordon and Cato (1972) 
was determined from observations of the H 157a re-
combination line in the galactic plane in a zone boun-
ded by galactic radii of approximately 3 and 9 kpc. 
Cesarsky and Cesarsky (1973), by comparing the H 92a 
recombination line and free-free absorption observed 
in the direction of the remnant 3C 391, obtain a most 
probable T of the emitting region of 20° K; the 
corresponding emission measure is E.M. = 4 em - 6 pc. 
This observation may be the first one to pick out a low-
T (T ~ 20° K), high-x (x ~ 0.1) region, which is 
forbidden in any steady-state theory. Observations of 
this kind are very useful in distinguishing between 
time-dependent and steady-state theories. 
The ionization rate is measured in a variety of ways. 
Hughes et a/. (1971) compare 21-cm absorption 
measurements with free-free absorption; Reynolds 
eta/. (1971) combine H,B and 21-cm emission meas-
urements; Gordon and Cato (1972) combine radio 
recombination line and 21-cm absorption meas-
urements; Hjellming et a/. (1969) combine pulsar 
dispersion measures for three pulsars and 21-cm 
absorption. 
The parameters obtained with several of our con-
stant density models agree remarkably well with 
observations of quantities, such as pulsar dispersion 
measure, low-frequency continuous absorption, and 
21-cm absorption, which are sensitive to the con-
ditions in different regions of the interstellar medium. 
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We now discuss the implications of this agreement. 
Intrinsic to the time-dependent model are large 
fluctuations in the various quantities. For example, 
figure 7 shows that particular regions may have with 
high probability values of n.2T- 312 which differ from 
the average value by 102• Therefore, this model 
predicts that the low-frequency absorption measure 
will be extremely patchy, as is observed by Dulk and 
Slee (1972). Similarly, the theory predicts large 
fluctuations in T (fig. 5) and nuT- 1 (fig. 6), as observed. 
Of course, such fluctuations also occur in the two-
phase models. However, the two-phase model of FGH 
predicts that n. is approximately the same in clouds 
and intercloud medium and that "~" is constant 
everywhere. Our models predict large local fluctuations 
in n. and "~ ", as observed. 
In the steady-state model, the fraction of the gas in 
clouds and the scale size of the clouds is indeterminate. 
Since the cool clouds in the steady-state model have 
roughly 100:1 density contrast with the intercloud 
medium, the scale size of clouds that would give the 
same absorption features would be much smaller, say 
2 pc instead of 200 pc. 
The time-dependent model predicts a clumpy 
distribution as well for the Na0 and Ca + absorption 
features. The density of these atoms is proportional 
to their recombination rate (Habing 1969), which goes 
roughly as n. 2T- 112 • These lines should therefore 
originate primarily from the cool partially ionized 
regions. Further, one might expect a good correlation 
between radio recombination-line emission features 
and Na and Ca absorption features. 
The constant-density assumption is not an essential 
feature of the time-dependent model; in fact, the 
pressure gradients and nonuniform cooling rates built 
into the model will ensure that large density fluctua-
tions will develop in the gas (Schwarz, McCray, and 
Stein 1972). We have made the extreme assumption of 
constant density to illustrate that much of the observed 
structure of the interstellar medium can be due to 
fluctuations in heating and ionization rather than 
fluctuations in density. Of course, it should be possible 
to generalize the time-dependent model by assuming a 
distribution function for the density structure of the 
gas. At this point, such a further adventure in param-
eter fitting does not seem warranted. 
In contrast to the time-dependent model, the steady-
state model makes the definite prediction of a cloud 
intercloud density contrast of at least 40:1 and more 
likely 100:1. In view of that, we should examine the 
evidence for density fluctuations of the gas in the 
galactic plane. This evidence comes from various 
sources: 21-cm emission, . interstellar extinction, 
optical and ultraviolet absorption, and molecular 
radio lines. Recent studies (cf. Heiles 1974) do not 
support the standard cloud model. The evidence from 
21-cm emission in the galactic plane is ambiguous. For 
optically thin gas, the integrated brightness tempera-
ture gives a measure of column density, but dumpiness 
in Tn(v) may indicate density fluctuations or velocity 
gradients (Burton 1971). The small-scale (10') structure 
of 21-cm emission in the galactic plane (Kerr and 
Westerhout 1965) is fairly smooth and gives no indi-
cation of large density contrasts. The finite resolution 
of the telescope may not be sufficient to detect large 
density fluctuations on a small scale (say ~ 1 pc in 
diameter), and confusion of many emission features 
may obscure the density contrasts. The high-resolution 
21-cm emission maps at high latitudes (Heiles 1974; 
Verschuur 1974) do show considerable structure. The 
fact that the fine structure disappears when integrated 
over velocity suggests that velocity fields, not density 
constrasts, are responsible for this structure. The large-
scale structure is clearly controlled by magnetic fields, 
and may not be representative of the gas in the plane. 
The patchy nature of interstellar reddening and 
extinction and the observation of interstellar molecules 
clearly indicates a wide range of gas densities (say 
from 0.1 cm- 3 to more than 105 cm- 3). However, 
there is no clear indication that 100:1 is the favored 
density contrast. 
Of course, many of the 21-cm absorption features 
are probably due to regions of enhanced density. 
But at the very least we have shown that cool regions 
in the intercloud medium may have the appearance of 
clouds. Heiles (1974) in fact suggests that the inter-
cloud medium may have structure. 
As noted above, observations in different directions 
show large variations in "~ ". One could imagine 
variants of the steady-state theory (e.g., Lea and Silk 
1973) which incorporate spatial fluctuations in ~ due 
to the random distribution of steady sources. Such 
models allow for a much wider range of observable 
parameters. However, it is still possible in principle to 
discriminate time-dependent models from such general-
ized steady-state models by looking for regions of cool 
(T ~ 100° K), ionized gas, forbidden by any version 
of the steady-state theory. Perhaps such evidence 
already exists. One puzzling result from the OAO-C 
Copernicus ultraviolet satellite is the high ratio 
N(C0)/N(C+) ~ 10- 3 in the direction of several un-
reddened stars (Rogerson et al. 1973). This result 
could be understood if the low-density (n ~ 0.3 em- 3) 
gas in the solar neighborhood had T ~ 30, x ~ 0.05, 
which gives a high recombination rate for c+ (Kafatos 
et a/. 1974). Another possibility is the study of cool 
regions that are emitters of radio recombination lines 
(Cesarsky and Cesarsky 1973). If such regions can be 
shown to have low density, they would provide 
evidence for time-dependent ionization. 
Radically different assumptions-the steady-state 
assumption of pressure equilibrium between clouds 
and intercloud medium, and the time-dependent 
assumption of no pressure equilibrium-each produce 
models for the interstellar gas with many of the 
observed characteristics. The observed bimodal tem-
perature distribution is indicative of the shape of the 
radiative cooling curve of the gas, and is not specific 
to the model. Modern observations further show that 
the structure of the interstellar gas is influenced greatly 
by magnetic fields. It therefore appears that the problem 
of interpreting observations of the gas will require 
consideration of several effects of comparable 
importance. 
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